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Recently, it has been proved that orthocompactness implies normality for the products of
a monotonically normal space and a compact space. It had been known that normality,
collectionwise normality and the shrinking property are equivalent for the same products.
We extend these two results for the products replacing the compact factor with a factor
deﬁned by topological games. Moreover, we prove the equivalence of orthocompactness
and weak suborthocompactness in these products.
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1. Introduction
Throughout this paper, all spaces are assumed to be regular T1. Let ξ , λ and μ denote inﬁnite ordinals and κ an inﬁnite
cardinal. We follow the books [4,15] for the notations and the deﬁnitions which are not explained here.
A collection V of open sets in a space X is interior-preserving if for any W ⊂ V , ⋂{W : W ∈W} is open in X . A space X
is orthocompact if every open cover of X has an interior-preserving open reﬁnement.
As stated in [23], normality of the products with a compact factor looks to imply their orthocompactness. Moreover,
it was shown in [11, Corollary 3.3] that normality of the products with a metric factor also implies their orthocompact-
ness.
However, it was shown in [12,13] that the implication should be opposite for the products with an ordinal factor. Re-
cently, it has been shown for even the products with any compact factor that orthocompactness is stronger than normality
as follows.
Theorem 1.1. ([23]) Let X be a monotonically normal space and C a compact space. If X × C is orthocompact (or weakly subortho-
compact), then it is normal.
Next, recall that the following is obtained by combining several results, as stated in [23, Proposition 4.3].
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(a) X × C is normal.
(b) X × C is collectionwise normal.
(c) X × C has the shrinking property.
Moreover, related to the parenthetic part of Theorem 1.1, we will obtain the following result as a consequence.
Theorem 1.3. Let X be a monotonically normal space and C a compact space. Then X × C is orthocompact if and only if it is weakly
suborthocompact.
In Section 2, we explain topological games in the sense of Telgársky [21]. In Section 3, we refer to rectangular products
and monotone normality. The purpose of this paper is to extend the above three theorems for the products replacing the
compact factor C with a factor deﬁned by the topological games. These results are stated in Section 4 as three new theorems.
Sections 5 and 6 are devoted to state several corollaries from the three theorems. Section 7 is devoted to a preparation for
the coming proofs. The proofs of all our theorems will be begun from Section 8 and will be ﬁnished in Section 12. In a
sense, they are proceeded simultaneously.
2. Topological games
For a space Y , 2Y denotes the family of all closed subsets in Y . Telgársky [21] introduced and studied the topological
game G(K, Y ), where K denotes a non-void class of spaces which are hereditary with respect to closed sets (i.e., Z ∈ K and
F ∈ 2Z implies F ∈ K). Let us state the topological game G(K, Y ), which is played by two persons of Players I and II.
A sequence 〈E0, F0, E1, F1, . . .〉 of closed sets in a space Y is a play of G(K, Y ) if it has the following rules: for each
n ∈ ω, where F−1 = Y ,
(1) En is a choice of Player I ,
(2) Fn is a choice of Player II,
(3) En ∈ K,
(4) En ∪ Fn ⊂ Fn−1,
(5) En ∩ Fn = ∅.
Player I wins this play if
⋂
n∈ω Fn = ∅. Otherwise, Player II wins it.
We only consider the case of the existence of a winning strategy for Player I in G(K, Y ). It was proved in [5] that such
a winning strategy for Player I depends on only the last choice of Player II. That is, it means the following:
A function s : 2Y → 2Y is called a winning strategy for Player I in G(K, Y ) if it satisﬁes
(i) s(F ) ∈ K with s(F ) ⊂ F for each F ∈ 2Y ,
(ii) if {Fn}n∈ω is a decreasing sequence of 2Y such that s(Fn−1) ∩ Fn = ∅ for each n ∈ ω, then ⋂n∈ω Fn = ∅.
Let DC denote the class of all spaces which have a discrete cover by compact sets. A winning strategy for Player I in
G(DC, Y ) plays important roles in the study of covering properties of products.
Recall that a space X is paracompact if every open cover of X has a locally ﬁnite open reﬁnement.
Theorem 2.1. ([21,22]) If X is a paracompact space and Y is a paracompact space with a winning strategy for Player I in G(DC, Y ),
then X × Y is paracompact and rectangular.
Recall that a space X is metacompact if every open cover of X has a point-ﬁnite open reﬁnement.
Theorem 2.2. ([6]) If X is a metacompact space and Y is a metacompact space with a winning strategy for Player I in G(DC, Y ), then
X × Y is metacompact.
The ideas of the proofs of these two results will be partially used in our proofs stated latter.
3. Rectangular products and monotone normality
Now, we should refer to rectangular products stated in Theorem 2.1 above.
A subset U of a space X is cozero (or a cozero-set) in X if there is a continuous function f from X into the interval [0,1]
such that U = {x ∈ X: f (x) > 0}.
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called a cozero rectangle in X × Y if U and V are cozero-sets in X and Y , respectively. Note that a rectangle R is a cozero-set
in X × Y iff R is a cozero rectangle.
A cover R of X × Y is rectangular if each member of R is a rectangle in X × Y . We say that X × Y is rectangular [18] if
every ﬁnite cozero cover of X × Y has a σ -locally ﬁnite rectangular cozero reﬁnement.
Let us recall the following fundamental result.
Lemma 3.1 (Terasawa). ([3]) If X is a space and C is a compact space, then X × C is rectangular.
The class of monotonically normal spaces contains both classes of stratiﬁable spaces (= M3-spaces) and GO-spaces. In
this sense, we may consider that it is a broad class. Here we do not use the deﬁnition of monotonically normal spaces itself.
However, we make use of the following powerful theorem.
For a cover A of a space X , a collection B of subsets in X is a partial reﬁnement of A if each member of B is contained
in some member of A (B may not cover X ).
Theorem 3.2. (Balogh and Rudin [1]) For every open cover U of a monotonically normal space X, there are a σ -disjoint partial
reﬁnement V of U by open sets in X and a discrete collection F of closed sets in X such that each S ∈ F is homeomorphic to a
stationary subset in a regular uncountable cardinal κS and that X \⋃V =⋃F .
Moreover, we also use the following properties of monotone normality.
Lemma 3.3. ([7,20]) If X is a monotonically normal space, then
(1) every subspace of X is monotonically normal, and
(2) X is collectionwise normal and countably paracompact.
4. Three theorems
First, we give an extension of Theorems 1.1 in terms of the topological games.
Theorem 4.1. Let X be a monotonically normal space. Let Y be a paracompact space with a winning strategy for Player I in G(DC, Y ).
If X × Y is orthocompact, then it is normal and rectangular.
A space X has the shrinking property if for every open cover U of X , there is a closed cover {F (U ): U ∈ U} of X such that
F (U ) ⊂ U for each U ∈ U . Such a closed cover {F (U ): U ∈ U} of X is called a shrinking of U .
Recall that paracompactness implies the shrinking property and that the shrinking property implies normality.
By Lemma 3.1, we see that the following theorem is an extension of Theorem 1.2.
Theorem 4.2. Let X be a monotonically normal space. Let Y be a paracompact space with a winning strategy for Player I in G(DC, Y ).
If X × Y is rectangular, then the following are equivalent.
(a) X × Y is normal.
(b) X × Y is collectionwise normal.
(c) X × Y has the shrinking property.
A space X is weakly suborthocompact if every open cover U of X has an open reﬁnement ⋃n∈ω Vn , satisfying that there
is nx ∈ ω such that ⋂{V ∈ Vnx : x ∈ V } is an open neighborhood of x in X .
Then the following implications are obvious
metacompact → orthocompact → weakly suborthocompact.
The third theorem is as follows. This immediately yields Theorem 1.3 in the Introduction through Corollary 5.5 below.
Theorem 4.3. Let X be a monotonically normal space. Let Y be a metacompact space with a winning strategy for Player I in G(DC, Y ).
Then X × Y is orthocompact if and only if it is weakly suborthocompact.
These three theorems will be proved ranging ﬁve sections latter.
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Let F be a collection of closed subsets in a space X . Recall that F is closure-preserving if ⋃{F : F ∈ F ′} is closed in
X for any F ′ ⊂ F . Note that {X \ F : F ∈ F} is interior-preserving iff F is closure-preserving. A closed cover F of X is
σ -closure-preserving if it is expressed as
⋃
n∈ω Fn such that each Fn is closure-preserving.
It was shown in [8] that every σ -locally compact and metacompact space has a closure-preserving cover by compact
sets. It was also shown in [9] that every space with a (σ -)closure-preserving cover by compact sets is metacompact (sub-
metacompact).
The class of spaces with a winning strategy for Player I in G(DC, X) might be obscure for the reader who are not familiar
to the topological games. Here let us recall a typical suﬃcient condition for this class.
Theorem5.1. ([19,21]) If a space Y has a σ -closure-preserving cover by compact sets, then Player I has a winning strategy in G(DC, Y ).
The following is an immediate consequences of Theorems 4.1 and 5.1, which is an extension of Theorem 1.1.
Corollary 5.2. Let X be a monotonically normal space. Let Y be a paracompact space with a σ -closure-preserving cover by compact
sets. If X × Y is orthocompact, then it is normal and rectangular.
Moreover, the following is an immediate consequence of Corollary 5.2 and [11, Corollary 3.3].
Corollary 5.3. Let X be a monotonically normal and orthocompact space. Let M be a metrizable space with a σ -closure-preserving
cover by compact sets. Then X × M is normal if and only if it is orthocompact.
Secondly, the following is an immediate consequences of Theorems 4.2 and 5.1. As stated to Theorem 4.2, we see from
Lemma 3.1 that this is an extension of Theorem 1.2.
Corollary 5.4. Let X be a monotonically normal space. Let Y be a paracompact space with a σ -closure-preserving cover by compact
sets. If X × Y is rectangular, then the following are equivalent.
(a) X × Y is normal.
(b) X × Y is collectionwise normal.
(c) X × Y has the shrinking property.
Remark. It was shown in [17] that for any (collectionwise) normal space X which is not paracompact, there is a paracom-
pact space Y with a closure-preserving cover by ﬁnite sets such that X × Y is (collectionwise) normal but not rectangular.
So the rectangularity of X × Y does not follow from its normality in Corollary 5.4.
The following corollary is an immediate consequence of Theorems 4.3 and 5.1.
Corollary 5.5. Let X be a monotonically normal space. Let Y be a metacompact space with a σ -closure-preserving cover by compact
sets. Then X × Y is orthocompact if and only if it is weakly suborthocompact.
Of course, this immediately yields Theorem 1.3 in the Introduction.
6. Corollaries II
In this section, we give further slight generalizations of the previous corollaries in terms of cozero-sets of products.
Let P be a topological property, satisfying
(i) P is preserved by topological sums,
(ii) P is preserved by perfect maps,
(iii) P is hereditary with respect to closed subsets.
As such a topological property P , we may consider many covering properties such as paracompactness and metacom-
pactness. The following is well known.
Proposition 6.1. If a space X has a locally ﬁnite closed cover F such that each member of F has a property P , then X has the
property P .
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Lemma 6.2. Let X be a space with a cozero-set G. Then there is a countable locally ﬁnite (in G) open cover {Ui: i ∈ ω} of G such that
Ui ⊂ G for each i ∈ ω.
Proof. Let G = {x ∈ X: f (x) > 0} be a cozero-set in X , where f is a continuous function from X to the interval [0,1/2]. Let
Ui =
{
x ∈ X: 1/(i + 3) < f (x) < 1/(i + 1)}
for each i ∈ ω. Then {Ui: i ∈ ω} is a desired one. 
Proposition 6.1 and Lemma 6.2 immediately yield
Proposition 6.3. If a space X has a property P , then each cozero-set G in X has the property P .
On the other hand, it was shown in [2] that orthocompactness is not preserved by perfect maps. However, it is hereditary
with respect to cozero-sets as follows.
Lemma 6.4. Orthocompactness (weak suborthocompactness) is hereditary with respect to cozero-sets.
Proof. Let X be an orthocompact space and G a cozero-set in X . Let G be an open cover of G . It follows from Lemma 6.2
that there is a countable locally ﬁnite (in G) open cover {Ui: i ∈ ω} of G such that Ui ⊂ G for each i ∈ ω. Since Ui is
orthocompact, there is an interior-preserving open reﬁnement Ui of G  Ui . Let Vi = Ui  Ui for each i ∈ ω. Then each Vi
is an interior-preserving open reﬁnement of G  Ui . Since {Ui: i ∈ ω} is a locally ﬁnite open cover of G , it is easily seen
(or from Fact 12.2 below) that
⋃{Vi: i ∈ ω} is an interior-preserving open reﬁnement of G . Hence G is orthocompact. The
parenthetic part is also similar. 
Note that if G is a cozero-set in a space X and U is a cozero-set in G , then U is also a cozero-set in X (see [4,
Exercise 2.1.B(c)]). Using this fact, the following two propositions are easily seen.
Proposition 6.5. A space X has a σ -locally ﬁnite cozero cover G such that each G ∈ G is normal (collectionwise normal, the shrinking
property), then X is normal (collectionwise normal, the shrinking property).
Proposition 6.6. Let U × V be a cozero rectangle in a product X × Y of two spaces. If X × Y is rectangular, then so is U × V .
Using the above results, we obtain the following two corollaries simultaneously.
Corollary 6.7. Let X be a monotonically normal space and let Y be a paracompact space with a σ -closure-preserving cover by compact
sets such that X × Y is rectangular. If a cozero-set W in X × Y is orthocompact, then it is normal.
Corollary 6.8. Let X be a monotonically normal space and let Y be a paracompact space with a σ -closure-preserving cover by compact
sets such that X × Y is rectangular. For a cozero-set W in X × Y , the following are equivalent.
(a) W is normal.
(b) W is collectionwise normal.
(c) W has the shrinking property.
Proof of Corollaries 6.7 and 6.8. Let W be orthocompact (normal). Since X × Y is rectangular, we can represent W =⋃
i∈ω(
⋃Gi) for a sequence {Gi} of locally ﬁnite collection by cozero rectangles in X × Y . Take any G = G ′ × G ′′ ∈⋃i∈ω Gi .
By Lemma 3.3(1), G ′ is monotonically normal. Since G ′′ is an Fσ -set in Y , G ′′ is paracompact and has a σ -closure-preserving
cover by compact sets. Since G is cozero in W , it follows from Lemma 6.4 that G = G ′ ×G ′′ is orthocompact (normal). Hence,
by Corollary 5.2 (Corollary 5.4) that G = G ′ × G ′′ is normal (collectionwise normal and has the shrinking property). Using
Proposition 6.5, we see that W is normal (collectionwise normal and has the shrinking property). 
Corollary 6.9. Let X be amonotonically normal space and let Y be ametacompact space with a σ -closure-preserving cover by compact
sets such that X × Y is rectangular. Then a cozero-set W in X × Y is orthocompact if and only it is weakly suborthocompact.
Proof. Let W be weakly suborthocompact. We represent W =⋃i∈ω(
⋃Gi), where {Gi} is a sequence of locally ﬁnite col-
lection by cozero rectangles in X × Y . Take any G = G ′ × G ′′ ∈⋃i∈ω Gi . Again, G ′ is monotonically normal. Since G ′′ is a
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follows from Lemma 6.4 that G = G ′ ×G ′′ is weakly suborthocompact. Hence, by Corollary 5.5, G = G ′ ×G ′′ is orthocompact.
This means that W has a normal cover G =⋃i∈ω Gi such that each G ∈ G is orthocompact. There is a locally ﬁnite cozero
reﬁnement H of G . By Lemma 6.4, each H ∈ H is also orthocompact. So it is easily veriﬁed (or it follows from Fact 12.2
below) that W is orthocompact. The converse is obvious. 
Finally, we add another typical class of spaces which is contained in the class of spaces with a winning strategy for
Player I in G(DC, Y ).
Let us recall that a space Y is C-scattered if, for each non-empty closed subset F in Y , there are a y ∈ F and an open
neighborhood V of y in Y such that V ∩ F is compact.
Proposition 6.10. ([21]) Every (sub)paracompact C-scattered space Y has a winning strategy for Player I in G(DC, Y ).
By this proposition, it should be noticed in Corollaries 5.2, 5.3, 5.4, 6.7 and 6.8 that the condition “a paracompact space
with σ -closure-preserving cover by compact sets” can be replaced with “a paracompact C-scattered space”.
7. Preliminaries for our proofs
Let X be a space with a collection F of subsets in X . Hereafter, ⋃F and ⋂F denote ⋃{F : F ∈ F} and ⋂{F : F ∈ F},
respectively. For each x ∈ X , we denote by Fx or (F)x the subcollection {F ∈ F : x ∈ F } of F . A collection {W (F ): F ∈ F}
of subsets in X is called an expansion of F if F ⊂ W (F ) for each F ∈F .
We will frequently use a well-known lemma called the Pressing Down Lemma, which is abbreviated by PDL.
Lemma 7.1 (PDL). Let S be a stationary subset in λ with cf(λ) > ω. If f : S → λ is a function with f (α) < α for each α ∈ S, then there
are T ⊂ S and α0 ∈ S such that T is stationary in λ with |T | = cf(λ) and f (α) < α0 < α for each α ∈ T .
For a limit ordinal λ, a function c : cf(λ) → λ is called a normal function for λ if it is strictly increasing, continuous and
the range {c(ξ): ξ ∈ cf(λ)} is coﬁnal in λ.
Note that we can always take a normal function c for λ whenever cf(λ)ω. In particular, if κ is a regular cardinal, then
we can ﬁx the identity map on κ as the normal function.
The properties of the function c are listed as follows (see [13]).
Fact 7.2. Let cf(λ) > ω. Let c be a normal function for λ. Then
(1) c is a homeomorphism from cf(λ) into λ,
(2) c([0, cf(λ))) is a club (= closed unbounded) set in λ,
(3) S is a stationary set in λ iff c−1(S) is stationary set in cf(λ).
Let X be a space. Recall that 2X denotes the family of all closed subsets in X . Let
ON (X) = {A ∈ 2X : A is homeomorphic to a subspace of an ordinal}.
For each A ∈ON (X), let
ρ(A) = min{λ: A is homeomorphic to a subspace of an ordinal λ + 1}.
Then the following is easily checked.
Fact 7.3. For each A ∈ON (X) with |A|ω,
(1) we may consider A ⊂ ρ(A) + 1 = [0,ρ(A)],
(2) ρ(A) is a limit ordinal with sup A = ρ(A),
(3) if κ is a cardinal with A ⊂ κ and |A| = κ , then ρ(A) = κ .
Moreover, we deﬁne two subfamilies of ON (X) as follows
S(X) = {S ∈ ON (X): S is homeomorphic to a stationary subset in ρ(S) which is a regular uncountable cardinal}
and
S∗(X) = {S ∈ ON (X): S is homeomorphic to a stationary subset in ρ(S) and cf(ρ(S))> ω}.
Obviously, we have S(X) ⊂ S∗(X) ⊂ON (X) ⊂ 2X .
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For a rectangle R in a product X × Y of two spaces, we denote by R ′ and R ′′ the projections of R onto X and Y ,
respectively. Recall that a rectangle E = E ′ × E ′′ is an open (closed) rectangle in X × Y if E ′ and E ′′ are open (closed) in X
and Y , respectively.
Lemma 8.1. Let X be a collectionwise normal space and let Y be a space with a compact subspace C . Let R be a family of open
rectangles in X × Y , satisfying
(1.1) if Q is an open rectangle in X × Y contained in some R ∈R, then Q ∈R,
(1.2) R covers X × C,
(1.3) for each S ∈ S(X) and each y ∈ C, there are an open set U y in X, an open neighborhood V y of y in Y and an αy < ρ(S) such
that S ∩ (αy,ρ(S)) ⊂ U y and U y × V y ∈R.
Then, for each A ∈ON (X), there are a discrete clopen coverD of A, a discrete expansion {U (D): D ∈D} ofD by open sets in X and
a family {V(D): D ∈D} of ﬁnite collections of open sets in Y , satisfying for each D ∈D,
(1.4) V(D) covers C ,
(1.5) U (D) × V ∈R for each V ∈ V(D).
Proof. Take any A ∈ ON (X). Let λ = ρ(A). We may consider A ⊂ λ + 1. We show by induction on λ = sup A. That is,
assume that the above is true for each B ∈ON (X) with ρ(B) < λ = ρ(A).
Case 1. Assume that A ⊂ λ with cf(λ) = ω or A is a non-stationary subset in λ with cf(λ) > ω.
Then we can represent as A =⊕γ∈cf(λ) Aγ , where ρ(Aγ ) < λ for each γ ∈ cf(λ). Since {Aγ : γ ∈ cf(λ)} is a discrete
clopen cover of A which is closed in X , it follows from the collectionwise normality of X that there is a discrete expansion
{Wγ : γ ∈ cf(λ)} of {Aγ : γ ∈ cf(λ)} by open sets in X . By the inductive assumption, for each γ ∈ cf(λ), there are a discrete
clopen cover Dγ of Aγ , a discrete expansion {U (D): D ∈ Dγ } of Dγ by open sets in X and a family {V(D): D ∈ Dγ } of
ﬁnite collections of open sets in Y , satisfying (1.4) and (1.5) for each D ∈Dγ . By (1.1), we may assume that U (D) ⊂ Wγ for
each D ∈Dγ . Here we set D =⋃{Dγ : γ ∈ cf(λ)}. Then D, {U (D): D ∈D} and {V(D): D ∈ D} are desired ones, satisfying
(1.4) and (1.5) for each D ∈D.
Case 2. Assume that A is a stationary subset in λ and cf(λ) > ω.
Let c be a normal function for λ. Take the sequence {c(α): α ∈ cf(λ)} in λ (see Fact 7.2) and ﬁx it. Let
S = A ∩ {c(α): α ∈ cf(λ)} ∈ ON (X).
Since A is stationary in λ, cf(λ) is a regular cardinal > ω and {c(α): α ∈ cf(λ)} is a club set in λ, it follows from Fact 7.2(3)
that c−1(A) = c−1(S) is stationary in cf(λ). Hence S belongs to S(X). By Fact 7.3(3), note that ρ(S) = cf(λ) = sup S .
By (1.3), for each y ∈ C , there are an open set U y in X , an open neighborhood V y of y in Y and an αy < λ such that
S ∩ (αy, λ] ⊂ U y and U y × V y ∈ R. Since C is compact, we can pick some y0, . . . , ym ∈ C such that C ⊂⋃im V yi . Let
α∗ = max{αyi : i m} and let U∗ =
⋂
im U yi . Moreover, let
T = {α ∈ cf(λ): α is a limit with c(α) ∈ S and α > α∗}.
Then it follows from Fact 7.2(3) that T is stationary in cf(λ) with {c(α): α ∈ T } ⊂ U ∗ . Since U∗ is open in X , it follows
from the choice of T that there is f (α) < α such that f (α) > α∗ and A ∩ (c( f (α)), c(α)] ⊂ U∗ for each α ∈ T . By PDL
(= Lemma 7.1), there are T ∗ ⊂ T and β∗ ∈ cf(λ) such that T ∗ is stationary in cf(λ) and f (α) < β∗ < α for each α ∈ T ∗ .
Let ξ∗ = c(β∗). Then we have A ∩ (ξ∗, λ) ⊂ U∗ . Let A0 = A ∩ [0, ξ∗] and A1 = A ∩ (ξ∗, λ). Since X is normal, there are two
disjoint open sets W0,W1 in X such that A0 ⊂ W0, A1 ⊂ W1 and W0 ∩W1 = ∅. Since A0 ∈ON (X) with ρ(A0) ξ∗ < λ, it
follows from the inductive assumption that there is a discrete clopen cover D0 of A0, a discrete expansion {U (D): D ∈D0}
of D0 by open sets in X , and a family {V(D): D ∈ D0} of ﬁnite collections of open sets in Y , satisfying (1.4) and (1.5) for
each D ∈D0. By (1.1), we may assume that U (D) ⊂ W0 for each D ∈D0. Let U (A1) = U∗ ∩W1 and let V(A1) = {V yi : i m}.
By the choice of V(A1), (1.4) is satisﬁed for A1. Moreover, we have that
U (A1) × V yi ⊂ U∗ × V yi ⊂ U yi × V yi ∈ R
for each i m. By (1.1), (1.5) is satisﬁed for A1.
Now, let D =D0 ∪{A1}. Then D is a discrete clopen cover of A and {U (D): D ∈D} is a discrete expansion of D by open
sets in X . Hence D, {U (D): D ∈D} and {V(D): D ∈D} are desired ones, satisfying (1.4) and (1.5) for each D ∈D.
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By (1.1) and (1.2), for each y ∈ C , there are an open set U y in X and an open neighborhood V y of y in Y such that
A ∩ (ξy, λ] ⊂ U y for some ξy ∈ λ and that U y × V y ∈ R. We can pick some y0, . . . , ym ∈ C such that C ⊂⋃im V yi . Let
ξ∗ = max{ξyi : i m} < λ and let U∗ =
⋂
im U yi . Let A0 = A ∩ [0, ξ∗] and A1 = A ∩ (ξ∗, λ]. The remaining part is similar to
Case 2 above. 
The ﬁrst version of Lemma 8.1 had a gap in the proof. Kemoto [10] kindly informed the author that the content of
Lemma 8.1 and its proof can be improved as given above.
Lemma 8.2. Let X be a monotonically normal space. Let Y be a space with a compact subspace C . LetR be a family of open rectangles
in X × Y , satisfying
(2.1) if Q is an open rectangle in X × Y contained in some R ∈R, then Q ∈R,
(2.2) R covers X × C,
(2.3) for each S ∈ S(X) and each y ∈ C, there are an open set U y in X, an open neighborhood V y of y in Y , and an αy < ρ(S) such
that S ∩ (αy,ρ(S)) ⊂ U y and U y × V y ∈R.
Then there is a locally ﬁnite open cover U of X such that, for each U ∈ U ,
(2.4) one can take a ﬁnite collection V(U ) of open sets in Y such that V(U ) covers C and U × V ∈R for each V ∈ V(U ).
Proof. Since C is compact, using (2.1) and (2.2), for each x ∈ X , there are an open neighborhood Ux of x in X and a
ﬁnite collection Vx of open sets in Y such that Vx covers C and Ux × V ∈ R for each V ∈ Vx . Let X = {Ux: x ∈ X}. Since
X is an open cover of X , it follows from Balogh–Rudin’s Theorem (= Theorem 3.2) that there are a σ -disjoint partial
reﬁnement W =⋃n∈ω Wn of X by open sets in X , where each Wn is pairwise disjoint, and a discrete collection F of
closed subsets belonging to S(X) such that X \⋃W =⋃F . If F = ∅, let D = ∅. Otherwise, take an S ∈ F . By (2.1)–(2.3),
we can apply Lemma 8.1 to A = S ∈ S(X) ⊂ ON (X). So there are a discrete clopen cover D(S) of S , a discrete expansion
{U (D): D ∈ D(S)} of D(S) by open sets in X and a family {V(D): D ∈ D(S)} of ﬁnite collections of open sets in Y such
that C ⊂⋃V(D) and U (D) × V ∈ R for each V ∈ V(D). Let D =⋃{D(S): S ∈ F}. Note that D is a discrete collection of
closed sets in X . Since X is collectionwise normal, by (2.1), we may assume that {U (D): D ∈D} is also a discrete collection
of open sets in X . Let E = X \⋃{U (D): D ∈D}. Then E is a closed set in X disjoint from ⋃D. So we have
E ⊂ X \
⋃
D = X \
⋃
F =
⋃
W.
Recall from Lemma 3.3(2) that X is normal and countably paracompact. Since {⋃Wn: n ∈ ω} is a countable collection of
open sets in X which covers E , there is a countable closed cover {Fn: n ∈ ω} of E such that Fn ⊂⋃Wn for each n ∈ ω. For
each W ∈ W , pick a point x(W ) ∈ X with W ⊂ Ux(W ) . Take n ∈ ω. Note that {W ∩ Fn: W ∈ Wn} is discrete collection of
closed sets in X . Since X is collectionwise normal, there is a discrete collection {U (W ): W ∈ Wn} of open sets in X such
that W ∩ Fn ⊂ U (W ) ⊂ Ux(W ) for each W ∈Wn . Here, we set
U∗ = {U (D): D ∈ D}∪ {U (W ): W ∈ W}.
Then U∗ is a σ -discrete open cover of X . Since X is countably paracompact, there is a locally ﬁnite open cover
U = {UD : D ∈ D} ∪ {UW : W ∈ W}
of X such that UD ⊂ U (D) for each D ∈D and UW ⊂ U (W ) for each W ∈W . Take any U ∈ U .
Case 1. Assume that U = UD for some D ∈ D. Let V(U ) = V(UD) = V(D). By the choice of V(D), it covers C . Moreover, for
each V ∈ V(U ), we have
U × V = UD × V ⊂ U (D) × V ∈ R.
By (2.1), U × V is an open rectangle in X × Y with U × V ∈R.
Case 2. Assume that U = UW for some W ∈ W . Let V(U ) = V(UW ) = Vx(W ) . By the choice of Vx(W ) , it covers C and we
have
U × V = UW × V ⊂ U (W ) × V ⊂ Ux(W ) × V ∈ R
for each V ∈ V(U ). By (2.1), U × V is an open rectangle in X × Y with U × V ∈R. 
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of open rectangles in X × Y , satisfying
(3.1) if Q is an open rectangle in X × Y contained in some R ∈R, then Q ∈R,
(3.2) for each compact subspace C in Y , there are a locally ﬁnite open cover U(C) of X and a family {V(U ): U ∈ U(C)} of ﬁnite
collections by open sets in Y such that, for each U ∈ U(C), V(U ) covers C and U × V ∈R for each V ∈ V(U ).
Then there is a σ -locally ﬁnite rectangular cozero cover G of X × Y by members ofR.
Proof. The proof can be obtained by a modiﬁcation of that of [22, Theorem 2.1] (= Theorem 2.1 in Section 2). Here, we give
another simpler proof.
Let s be a winning strategy for Player I in G(DC, Y ). Now, for each n ∈ ω ∪ {−1}, we shall construct two collections Gn
and En of cozero rectangles in X × Y with a function ϕn : En → En−1, satisfying the following conditions:
(1) Gn ∪ En is locally ﬁnite in X × Y ,
(2)
⋃
(Gn ∪ En) =⋃En−1,
(3) Gn ⊂R,
(4) E ⊂ ϕn(E) and s(ϕn(E)′′) ∩ E ′′ = ∅ for each E ∈ En .
Let G−1 = {∅} and E−1 = {X × Y }. Assume that we have already constructed Gi , Ei and ϕi , satisfying (1)–(4) for each
i  n.
Take any E ∈ En and ﬁx it. There is a discrete collection {Cα: α ∈ Ω(E)} by compact subsets in E ′′ (so, in Y ) such that
s(E ′′) =⋃{Cα: α ∈ Ω(E)}. Since Y is paracompact, there are a discrete collection {Wα: α ∈ Ω(E)} of cozero-sets in Y such
that Cα ⊂ Wα for each α ∈ Ω(E). Moreover, take a cozero-set W ∗ in Y such that {Wα: α ∈ Ω(E)} ∪ {W ∗} covers E ′′ and
W ∗ ∩ s(E ′′) = ∅. Take an α ∈ Ω(E). By (3.2), there are a locally ﬁnite open cover U(Cα) = {Uξ : ξ ∈ Ξα} of X and a family
{Vξ : ξ ∈ Ξα} of ﬁnite collections by open sets in Y such that each Vξ covers Cα and Uξ × V ∈ R for each V ∈ Vξ . Since
X and Y are normal, by (3.1), we may assume that each Uξ and each V ∈ Vξ are cozero-sets in X and Y , respectively. For
each ξ ∈ Ξα , there is a zero-set Zξ (i.e., X \ Zξ is a cozero-set) in X such that Cα ⊂ Int Zξ ⊂ Zξ ⊂⋃Vξ . For each ξ ∈ Ξα and
each V ∈ Vξ , let Gα,ξ (V ) = (Uξ × (Wα ∩ V )) ∩ E , and let Eα,ξ = (Uξ × (Wα \ Zξ )) ∩ E . Moreover, let E∗ = E ′ × (W ∗ ∩ E ′′).
Here, we let
Gn+1(E) =
{
Gα,ξ (V ): V ∈ Vξ , ξ ∈ Ξα and α ∈ Ω(E)
}
and
En+1(E) =
{
Eα,ξ : ξ ∈ Ξα and α ∈ Ω(E)
}∪ {E∗}.
Now, letting E run over En , we set
Gn+1 =
⋃{Gn+1(E): E ∈ En
}
and En+1 =
⋃{En+1(E): E ∈ En
}
.
We deﬁne ϕn+1: En+1 → En by ϕn+1( J ) = E for each J ∈ En+1(E).
We only check (2) and (4). Clearly, we have
⋃
(Gn+1 ∪ En+1) ⊂⋃En . Pick any 〈x, y〉 ∈ E ∈ En . In case of y /∈⋃{Wα: α ∈
Ω(E)}: Since y ∈ W ∗ , we have 〈x, y〉 ∈ E∗ ∈ En+1(E). In case of y ∈ Wβ for some β ∈ Ω(E): Choose an η ∈ Ξβ with x ∈ Uη .
When y ∈ Zη , y is in some V0 ∈ Vη . Then we have
〈x, y〉 ∈ (Uη × (Wβ ∩ V0)
)∩ E = Gβ,η(V0) ∈ Gn+1(E).
When y /∈ Zη , we have 〈x, y〉 ∈ (Uη × (Wβ \ Zη)) ∩ E = Eβ,η ∈ En+1(E). Hence (2) is satisﬁed. Take any J ∈ En+1 with
ϕn+1( J ) = E . By J ∈ En+1(E), clearly J ⊂ ϕn+1( J ) = E . Let J = Eγ ,ζ for some γ ∈ Ω(E) and ζ ∈ Ξγ . Then we have
s
(
ϕn+1( J )′′
)∩ J ′′ = s(E ′′)∩ E ′′γ ,ζ =
(⋃{
Cα: α ∈ Ω(E)
})∩ (Wγ \ Zζ ) ∩ E ′′ ⊂ Cγ ∩ (Wγ \ Int Zζ )
= Cγ \ Int Zζ = ∅.
When J = E∗ , we have s(ϕn+1( J )′′) ∩ J ′′ = s(E ′′) ∩ W ∗ = ∅. So (4) is satisﬁed. Thus we complete the inductive construction
above.
Let G =⋃n∈ω Gn . By (1) and (3), G is a σ -locally ﬁnite collection by cozero rectangles in X × Y by members of R. It
remains to show that G covers X × Y . Pick any p = 〈x, y〉 ∈ X × Y . Assume that p ∈⋃En for each n ∈ ω. By (1), each En is
point-ﬁnite at p. So each (En)p = {E ∈ En: p ∈ E} is a non-empty ﬁnite collection. Since ϕn((En)p) ⊂ (En−1)p by (2), it follows
from König’s Lemma that there is a sequence {En} of cozero rectangles in X×Y such that En ∈ En , p ∈ En and ϕn(En) = En−1
for each n ∈ ω. Then we have y ∈⋂n∈ω E ′′n . It follows from (4) that E ′′n ⊂ E ′′n−1 and s(E ′′n−1) ∩ E ′′n = ∅ for each n ∈ ω. By the
choice of s, we have
⋂
n∈ω E ′′n ⊂
⋂
n∈ω E ′′n = ∅. This is a contradiction. Since X × Y =
⋃E−1 ⊃⋃E0 ⊃⋃E1 ⊃ · · · , there is
m ∈ ω with p ∈⋃Em−1 \⋃Em . By (2), we obtain p ∈⋃Gm ⊂⋃G . 
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open rectangles in X × Y , satisfying
(4.1) if Q is an open rectangle in X × Y contained in some R ∈R, then Q ∈R,
(4.2) for each compact subspace C in Y , there are a point-ﬁnite open cover U(C) of X and a family {V(U ): U ∈ U(C)} of ﬁnite
collections by open sets in Y such that, for each U ∈ U(C), V(U ) covers C and U × V ∈R for each V ∈ V(U ).
Then there is a point-ﬁnite rectangular open cover G of X × Y by members ofR.
Proof. The proof is also obtained by a modiﬁcation of that of [6, Theorem 3.4] (= Theorem 2.2 in Section 2). However, its
proof is omitted there. So we also give a full proof here for the reader’s convenience.
Let s be a winning strategy for Player I in G(DC, Y ). Now, for each n ∈ ω ∪ {−1}, we shall construct two collections Gn
and En of open rectangles in X × Y with a function ϕn : En → En−1, satisfying the following conditions:
(1) Gn ∪ En is point-ﬁnite in X × Y ,
(2)
⋃
(Gn ∪ En) =⋃En−1,
(3) Gn ⊂R,
(4) E ⊂ ϕn(E) and s(ϕn(E)′′) ∩ E ′′ = ∅ for each E ∈ En .
Let G−1 = {∅} and E−1 = {X × Y }. Assume that we have already constructed Gi , Ei and ϕi , satisfying (1)–(4) for each
i  n. Take any E ∈ En and ﬁx it. There is a discrete collection {Cα: α ∈ Ω(E)} by compact subsets in E ′′ (so, in Y ) such that
s(E ′′) =⋃{Cα: α ∈ Ω(E)}. Since Y is metacompact and regular, there is a point-ﬁnite collection {Wγ : γ ∈ Γ (E)} of open
sets in Y such that
(i) {Wγ : γ ∈ Γ (E)} covers E ′′ ,
(ii) each Wγ meets at most one member of {Cα: α ∈ Ω(E)}.
For each γ ∈ Γ (E), let Kγ = Wγ ∩Cαγ if Wγ meets some (unique) Cαγ and let Kγ = ∅ otherwise. Take a γ ∈ Γ (E). By (4.2),
there are a point-ﬁnite open cover U(Kγ ) = {Uξ : ξ ∈ Ξγ } of X and a family {Vξ : ξ ∈ Ξγ } of ﬁnite collections by open sets
in Y such that Kγ ⊂⋃Vξ and Uξ × V ∈ R for each V ∈ Vξ and for each ξ ∈ Ξγ (when Kγ = ∅, let Ξγ = {∅},U∅ = X and
V∅ = {∅}). For each ξ ∈ Ξγ and each V ∈ Vξ , let Gγ ,ξ (V ) = (Uξ × (Wγ ∩ V )) ∩ E . For each ξ ∈ Ξγ , take an open sets Lξ in
Y with Kγ ⊂ Lξ ⊂ Lξ ⊂⋃Vξ , and let Eγ ,ξ = (Uξ × (Wγ \ Lξ )) ∩ E .
Now, we let
Gn+1(E) =
{
Gγ ,ξ (V ): V ∈ Vξ , ξ ∈ Ξγ and γ ∈ Γ (E)
}
and
En+1(E) =
{
Eγ ,ξ : ξ ∈ Ξγ and γ ∈ Γ (E)
}
.
Here, letting E run over En , we set
Gn+1 =
⋃{Gn+1(E): E ∈ En
}
and En+1 =
⋃{En+1(E): E ∈ En
}
.
We deﬁne ϕn+1 : En+1 → En by ϕn+1( J ) = E for each J ∈ En+1(E). Similar to the above case, it is veriﬁed that the conditions
(1)–(4) are satisﬁed.
Let G =⋃n∈ω Gn . By (3), G is a collection by open rectangles in X × Y by members of R. It remains to show that G is a
point-ﬁnite cover of X × Y . Pick any p = 〈x, y〉 ∈ X × Y . In the same way as in the proof of Lemma 8.3, there is m ∈ ω with
p ∈⋃Em−1 \⋃Em . By (2), we obtain p ∈⋃Gm \⋃Em ⊂⋃Gm \⋃n>m(
⋃Gn). Hence, by (1), G is point-ﬁnite at p with
p ∈⋃G . Thus, G is a point-ﬁnite rectangular open cover of X × Y by members of R. 
9. Proof of Theorem 4.1
A space X has orthocaliber κ [12] if for each x ∈ X and for each collection U of open neighborhoods of x in X with
|U | = κ , there is a subcollection V of U such that |V| = κ and x ∈ Int(⋂V).
Lemma 9.1. ([12,13]) Let S be a stationary subset in λ with cf(λ) > ω and let Y be a space. If S × Y is orthocompact (or weakly
suborthocompact), then Y has orthocaliber cf(λ).
Lemma 9.2. Let X and Y be two spaces such that X × Y is orthocompact. Let S ∈ S∗(X) with λ = ρ(S) = sup S. If {O 0, O 1} be a
binary open cover of X × Y , then for each y ∈ Y , there are an open set U y in X, an open neighborhood V y of y in Y , an αy < λ and
an i y ∈ 2 such that S ∩ (αy, λ) ⊂ U y and U y × V y ⊂ O iy .
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and an iα ∈ 2 such that Wα × Vα ⊂ O iα . For each α ∈ S , take f (α) < α with S ∩ ( f (α),α] ⊂ Wα . By PDL, there are S0 ⊂ S
and αy < λ such that S0 is stationary in λ with |S0| = cf(λ) and f (α) < αy < α for each α ∈ S0. Since S×Y is orthocompact,
it follows from Lemma 9.1 that Y has orthocaliber cf(λ). There is T ⊂ S0 such that |T | = cf(λ) and y ∈ Int(⋂α∈T Vα). Let
V y = Int(⋂α∈T Vα), which is an open neighborhood of y in Y . We may assume that iα = i y ∈ 2 for each α ∈ T . Here we let
U y =⋃α∈T Wα . Then U y is an open set in Y . Pick any 〈x, z〉 ∈ U y × V y . Take γ ∈ T with x ∈ Wγ . Then we have
〈x, z〉 ∈ Wγ × V y ⊂ Wγ × Vγ ⊂ O iγ = O iy .
Hence we obtain U y × V y ⊂ O iy . Pick any β ∈ S ∩ (αy, λ). Take δ ∈ T with δ > β . Since f (δ) < αy < β < δ, it follows that
β ∈ S ∩ (αy, β] ⊂ S ∩
(
f (δ), δ
]⊂ Wδ ⊂ U y .
Hence we obtain S ∩ (αy, λ) ⊂ U y . 
Proof of Theorem 4.1. Let X be a monotonically normal space. Let Y be a paracompact space with a winning strategy for
Player I in G(DC, Y ). Assume that X × Y is orthocompact. Let {O 0, O 1} be a binary open cover of X × Y . Let
R = {U × V : U × V is an open rectangle in X × Y with U × V ⊂ O 0 or U × V ⊂ O 1}.
It is obvious that R satisﬁes (2.1) and (2.2) in Lemma 8.2. By Lemma 9.2, R also satisﬁes (2.3) in Lemma 8.2. It follows from
the lemma that R satisﬁes (3.1) and (3.2) in Lemma 8.3. This lemma concludes that there is a σ -locally ﬁnite rectangular
cozero cover G of X × Y which reﬁnes {O 0, O 1}. Hence X × Y is normal and rectangular. 
10. Proof of (a)⇒ (b) in Theorem 4.2
The following is well known and its veriﬁcation is easy from PDL.
Fact 10.1. Let S be a stationary subset in λ, where cf(λ) > ω.
(1) If U is a σ -locally ﬁnite open cover of S , there are some U0 ∈ U and α0 ∈ λ such that S ∩ (α0, λ) ⊂ U0.
(2) If F is a discrete collection of subsets in S , there are some F0 ∈ F and α0 ∈ λ such that S ∩ (α0, λ) ∩ F = ∅ for each
F ∈F with F = F0.
Lemma 10.2. Let X and Y be two spaces such that X × Y is normal and rectangular. Let S ∈ S∗(X) with λ = ρ(S) = sup S and
let y ∈ Y . If an open set O in X × Y contains S × {y}, then there are an open rectangle U × V in X × Y and an α0 < λ such that
S ∩ (α0, λ) ⊂ U , y ∈ V and U × V ⊂ O .
Proof. Let F = S × {y}. Then F is a closed set in X × Y with F ⊂ O . Since X × Y is normal and rectangular, there is a
σ -locally ﬁnite collection G by cozero rectangles in X × Y such that F ⊂⋃G ⊂ O . Then {G ′: G = G ′ × G ′′ ∈ G with y ∈ G ′′}
is a σ -locally ﬁnite collection of cozero-sets in X which covers S . By Fact 10.1(1), there are some G0 = G ′0 × G ′′0 ∈ G and
α0 < λ such that S ∩ (α0, λ) ⊂ G ′0 and y ∈ G ′′0. 
Lemma 10.3. Let X and Y be two spaces such that X × Y is normal and rectangular. Let S ∈ S∗(X) with λ = ρ(S) = sup S. If F is a
discrete collection of closed subsets in X × Y , then for each y ∈ Y , there are an open rectangle U y × V y in X × Y and an αy < λ such
that S ∩ (αy, λ) ⊂ U y, y ∈ V y and U y × V y meets at most one member of F .
Proof. Pick any y ∈ Y . Since F  (S × {y}) is discrete in S × {y}, it follows from Fact 10.1(2) that there are some F0 ∈ F
and α0 ∈ λ such that ((S ∩ (α0, λ)) × {y}) ∩ F = ∅ for each F ∈ F with F = F0. Let T = S ∩ (α0, λ) and let O = X × Y \⋃{F ∈ F : F = F0}. Then T ∈ S∗(X) and O is an open set with T × {y} ⊂ O . So it follows from Lemma 10.2 that there are
an open rectangle U y × V y in X × Y and an αy < λ such that αy > α0, S ∩ (αy, λ) ⊂ U y , y ∈ V y and U y × V y meets at most
one member of F . 
Proof of (a)⇒ (b) in Theorem 4.2. Let X be a monotonically normal space. Let Y be a paracompact space with a winning
strategy for Player I in G(DC, Y ). Assume that X × Y is normal and rectangular. Let F be a discrete collection of closed
subsets in X × Y . Let
R = {U × V : U × V is an open rectangle in X × Y such that U × V meets at most one member of F}.
It is obvious that R satisﬁes (2.1) and (2.2) in Lemma 8.2. By Lemma 10.3, R also satisﬁes (2.3) in Lemma 8.2. It follows
from the lemma that R satisﬁes (3.1) and (3.2) in Lemma 8.3. This lemma concludes that there is a σ -locally ﬁnite rectan-
gular cozero cover G of X × Y such that each member of G meets at most one member of F . Hence X × Y is collectionwise
normal. 
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Lemma 11.1. Let X and Y be two spaces such that X × Y is normal and rectangular. Let S ∈ S∗(X) with λ = ρ(S) = sup S. If O is
an open cover of X × Y , then for each y ∈ Y , there are an open rectangle U y × V y in X × Y and αy < λ such that S ∩ (αy, λ) ⊂ U y,
y ∈ V y andO  (U y × V y) has a shrinking.
Proof. Pick any y ∈ Y . Since S is a GO-space, it has the shrinking property. So there is a closed cover {F (O ): O ∈ O} of
S such that F (O ) × {y} ⊂ (S × {y}) ∩ O for each O ∈ O. Since X × Y is normal, there is an open set G(O ) in X × Y such
that F (O ) × {y} ⊂ G(O ) ⊂ G(O ) ⊂ O . Let G =⋃{G(O ): O ∈ O}. Since X × Y is normal and rectangular with S × {y} ⊂ G ,
it follows from Lemma 10.2 that there are an open rectangle U y × V y in X × Y and an αy < λ such that S ∩ (αy, λ) ⊂ U y ,
y ∈ V y and U y × V y ⊂ G . Here we let H(O ) = G(O ) ∩ (U y × V y) for each O ∈ O. Since {G(O ): O ∈ O} covers U y × V y ,
{H(O ): O ∈O} is an open cover of U y × V y . For each O ∈O, we have
H(O ) ∩ (U y × V y) ⊂ G(O ) ∩ (U y × V y) ⊂ O ∩ (U y × V y).
Hence {H(O ) ∩ (U y × V y): O ∈O} is a shrinking of O  (U y × V y). 
Proof of (a)⇒ (c) in Theorem 4.2. Let X be a monotonically normal space. Let Y be a paracompact space with a winning
strategy for Player I in G(DC, Y ). Assume that X × Y is normal and rectangular. Let O be an open cover of X × Y . Let
R = {U × V : U × V is an open rectangle in X × Y such thatO  (U × V ) has a shrinking}.
Then it follows from Lemma 11.1 that R satisﬁes (2.3) in Lemma 8.2. It is obvious that R satisﬁes (2.1) and (2.2) in
Lemma 8.2. It follows from the lemma that R satisﬁes (3.1) and (3.2) in Lemma 8.3. This lemma concludes that there is a
σ -locally ﬁnite rectangular cozero cover G of X × Y such that each member of G belongs to R. Since G is a normal cover of
X × Y , it has a locally ﬁnite closed reﬁnement E . It follows from the choice of R that there is a shrinking {F E (O ): O ∈O}
of O  E in E for each E ∈ E . Let F (O ) =⋃{F E (O ): E ∈ E} for each O ∈ O. Then it is easily seen that {F (O ): O ∈ O} is a
shrinking of O. 
12. Proof of Theorem 4.3
A collection {Uξ : ξ ∈ Ξ} of subsets of a set X is well-monotone if the index set Ξ is well-ordered by < such that ξ < η
implies Uξ ⊂ Uη . Note that every well-monotone collection of open sets in a space X is interior-preserving.
Lemma 12.1. Let X and Y be two spaces such that X × Y is weakly suborthocompact. Let S ∈ S∗(X) with λ = ρ(S) = sup S. If O is
an open cover of X × Y , then for each y ∈ Y , there are an open set U y in X, an open neighborhood V y of y in Y and an αy < λ such
that S ∩ (αy, λ) ⊂ U y andO  (U y × V y) has a well-monotone (hence, an interior-preserving) open reﬁnement.
Proof. Pick any y ∈ Y and ﬁx it. Since X × Y is weakly suborthocompact, there is an open reﬁnement ⋃n∈ω Gn of O such
that for each x ∈ X , one can choose m(x) ∈ ω with ⋂(Gm(x))〈x,y〉 being non-empty open in X × Y . For each α ∈ S , there is
an open rectangle Wα × Vα in X × Y such that 〈α, y〉 ∈ Wα × Vα ⊂⋂(Gm(α))〈α,y〉 . Moreover, for each α ∈ S , take some
f (α) < α such that S ∩ ( f (α),α] ⊂ Wα . By PDL, there are S0 ⊂ S , αy < λ and m ∈ ω such that S0 is stationary in λ with
|S0| = cf(λ) and that f (α) < αy < α and m(α) = m for each α ∈ S0. Let Hα =⋂(Gm)〈α,y〉 for each α ∈ S0. Then, for each
α,γ ∈ S0 with α < γ , we have
〈α, y〉 ∈ (S ∩ (αy,α]
)× {y} ⊂ (S ∩ ( f (γ ),γ ])× {y} ⊂ Wγ × Vγ ⊂
⋂
(Gm)〈γ ,y〉 = Hγ ,
which means that (Gm)〈γ ,y〉 ⊂ (Gm)〈α,y〉 . Hence Hα ⊂ Hγ if α,γ ∈ S0 with α < γ . That is, {Hα: α ∈ S0} is well-monotone.
Since S × Y is weakly suborthocompact, it follows from Lemma 9.1 that Y has orthocaliber cf(λ). By y ∈⋂α∈S0 Vα , there
is T ⊂ S0 such that |T | = cf(λ) and y ∈ Int(⋂α∈T Vα). Let V y = Int(
⋂
α∈T Vα). Then V y is an open neighborhood of y in Y .
For each α ∈ T , let
Uα =
⋃
{W : W is open in X with W × V y ⊂ Hα}.
Then Uα is an open set in X such that Uα ⊂ Uα′ if α,α′ ∈ T with α < α′ . Let U y =⋃α∈T Uα . Then {Uα: α ∈ T } is a
well-monotone open cover of U y . Take any α ∈ T . Since Wα × V y ⊂ Wα × Vα ⊂ Hα , we have Wα ⊂ Uα . Hence we obtain
S ∩ (αy,α] ⊂ S ∩
(
f (α),α
]⊂ Wα ⊂ Uα.
This implies that S ∩ (αy, λ) ⊂ U y . Since each Uα × V y is contained in Hα , it is contained in some member of Gm . Hence it
is contained in some member of O. Therefore, {Uα × V y: α ∈ T } is a well-monotone open reﬁnement of O  (U y × V y). 
For the ﬁnal proof, we need the following easy fact.
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then
⋃{H(G): G ∈ G} is an interior-preserving open cover of X .
Proof of Theorem 4.3. Let X be a monotonically normal space. Let Y be a metacompact space with a winning strategy for
Player I in G(DC, Y ). Assume that X × Y is weakly suborthocompact. Let O be an open cover of X × Y . Let
R = {U × V : U × V is an open rectangle in X × Y such that
O  (U × V ) has an interior-preserving open reﬁnement}.
Then it follows from Lemma 12.1 that R satisﬁes (2.3) in Lemma 8.2. It is obvious that R satisﬁes (2.1) and (2.2) in
Lemma 8.2. It follows from the lemma that R satisﬁes (4.1) and (4.2) in Lemma 8.4. This lemma concludes that there is a
point-ﬁnite rectangular open cover G of X × Y such that each member of G belongs to R. So, for each G ∈ G , there is an
interior-preserving open reﬁnement H(G) of O  G . By Fact 12.2, ⋃{H(G): G ∈ G} is an interior-preserving open reﬁnement
of O. 
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